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A THEORETICAL ANALYSIS OF THE BISECT 01 AILERON INERTIA 
AND EING3 MOMENT ON THE MAXIMUM ROLLING ACCELERATION 
03 1 AIRPLANES IN ABRUPT AILERON ROLLS 
By !. J. Bailey, Jr. and William' J. 0' Sullivan 



SUMMARY 



Data en the rolling accelerations of airplanes of 
different types and sizes in abrupt aileron rolls have 
been obtained and reported by the NACA in connection with 
a number of maneuverability and flying qualities investi- 
gations* Preliminary to an attempt to correlate these 
data, an effort was made to analyze theoretically the re- 
lation between the torque applied to the aileron system 
by the pilot, the resulting motion of the system, and the 
subsequent rolling notion of the airplane In an abrupt 
aileron roll. The analysis, which is presented heroin, 
covers only the simplest possible case, in which a con- 
stant Increment of torque Is instantly appliod by tho pi- 
lot to a rigid control Bystom having a momont of inertia 
that doos not vary, and p. hingo-momont coofficiont that 
varies directly, with ailoron deflection. Tho results aro 
prosontod in tho form of a chart showing tho fraction of 
tho naximum rolling accolcration t hcorotically attainable 
with Instantanoous aileron dofloction that can actually 
bo roalizod with difforont combi nations of pilot's of fort, 
control inertia, and hingo-momont coofficiont. 

Quantitative comparison of tho thoorotical roBults 
with oxisting experimental data, to dotormino how closoly 
tho simple caso assumod approximates actual flight condi- 
tions, is not possible. Essential information as to tho 
magnitudo of the offoctivc momont of inertia and tho hinge- 
moment coefficient of tho ailoron systoms of tho airplanos 
tcstod is not available. Qualitatively, tho thoorotical 
Indications that tho incroaso of rolling acceleration is 
roducod and ultimatoly limited by tho Incroaso of hingo 
moment with airspood are In agrcomcnt with flight observa- 
tions on tho only airplano with which abrupt rolls woro 
mado at high spood. 

INTRODUCTION 



It 1b woll known that the rolling volocity acquirod 
by an airplano during dofloction of tho ailerons roducos 
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the maximum rolling acceleration attainable in an abrupt 
aileron roll to a value belov that corresponding to the 
rolling moment of the ailerons at zero rate of roll. 
Aside from the physiological and psychological character- 
istics of the pilot, tho factors governing th3 time re- 
quired to deflect the ailorons pre the friction and iner- 
tia of the aileron control system, and tho aorodynamic mo- 
riont that acts on tho ailorons whcnovor thoy aro in tho 
dofloctod position. She oxtont to which those factors, "by 
r.ltoring tho r.ir.inun timo roquirod. to Aoflcct tho con- 
trols, contribute to tho reduction of tho maximum rolling 
acceleration is difficult to determine oxper inontp.lly . 
Tory ofton it is obscurod by other factors such as control 
flexibility, wing flexibility, and so forth, which also 
roduco tho maximum rolling p.ccolcration in tho caso of an 
actual r.irplano. Pov a hypothotical caso, howoror, in 
which tho pilot applies a constant incronont of torquo, 
in excoss of control friction, to n rigid convonti on-tl ai- 
leron system, it is possible to oxpross theoretically, in 
genaral form, the relation betwoon the pilot's torquo, 
the control inertia, the aileron hinge moment, and the 
rolling acceleration of the airplane. She equations and 
assumptions involved are presented in the following pages. 



I c moment of inertia of the ailerons and their control 



SYMBOLS 



sy s.t em 



6 



control deflection 



t 



tine 



torquo, in excess of friction, applied to tho con- 
trol systom by tho pilot 



P 



mass density of tho air 



true airspeed 



aileron area 



o 



aileron chord 



aileron hinge-moment coefficient at S 



max 



fi / fi m'ax 

ftp 



g i P T 3 S a c o H 

*e fi maae 

L a rolling moment due to ailerons 

Lp damping moment dve to rolling velocity 

I^p inertia moment due to rolling acceleration 
dt 

S wing area 

b wing span 

rolling-moment coefficient of ailerons 

p rolling velocity 

0 L lift coefficient of airplane 

a angle of attack of airplane 

1 a dC T 

K — p S V b a — ^ 
32 K da 

I x moment of inertia of airplane about the longitudinal 
a"i s 

D 1 - * 
0 



ANALYSIS 



In an aileron roll the moments acting upon the aileron 
control are 

0 B " T ° TTa + ftP ~ ^ P tS s a 0 °H -T— CD 
dt a 2 6 max 
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Ehi s equation implies the following assumptions: angular 
and linear acceleration of the airplane does not tend to 
deflect the ailerons; the hinge-moment coefficient is di- 
rectly proportional to 6 and is unaffected hy rate of 
roll; and I c is the samo at all values of 8. 



Let 
6 



6* 



= x (2) 



then 



d 3 S - dfx 
dt 3 " max dt 3 



Also, lot 

i p v a s_ c o 



= ff (3) 



X c 8 max 



H 

= IT (4) 



v/hcro G ar.d I? aro constants. It is assumo'l that Qp 
is instantly appliod and roaaina constant throughout tho 
dcfloction of the control. 

JLftor substitution from formulas (3), and (4) 

into formula (l) t formula (l) bocomcs 

= I - - x * (5)' 

dt 3 & 

Tho solution of this equation is 

x = & £l - cos (/§ t)J (6) 

Pofaula (5) oxprossos tho relationship bctvoon control 
dofloction, time, and tho ratios oxprossod "by formulas 
(5) and (4). By moans of this relationship tho olomont 
of tino can roplaco ailoron dofloction in tho oquation of 
moments acting ahout the longitudinal axis of the airplane 
during roll. 
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TJp to the time- of maximum- rolling acceleration, the 
equation of moments acting a "bout the longitudinal axis 
during roll may be written with sufficient accuracy as: 



0 = L a + l p + (7) 



81 

I ■ dt 

i-3 



where 

L a - i P S T " * °i (8 > 



and 



or 



where 



L P - - h P S 7 P acT (9) 
= - IC p (10) 



1 3 dC L 

■ K = 3i P 5 7 * daT 

By definition, 

L — = - I - d -* (11) 
dt 2 dt ^ ' 

t ■ 

After substitution fron equations (8), (10), and 
(ll) into equation (7) 

0 = i p S T a 1) C, - Ep - I x ^ (12) 
2 1 dt 

If ,it is assumed that varies directly with control 

deflection, then 



°nax 



where is the aileron rolling-moment coefficient 

6 max 

at full aileron-control deflection, or where x a 1. Af- 
ter subctltution for x from formula (6), 



°max 



After substitution fron formula (13) into fornula (12) and 
division "by I x ; 



0 = 



If the ailerons wore instantaneously deflected, then 
the equation of nononts about the longitudinal axis of the 
airplane would "be 

o - a + ^ 

where L . , v is the inertia moment .it aero rolling veloc- 
/dp\ 

Va * ; o 

it£ with x = _1. When the moments are replaced "by their 
fornulas and the resulting equation is solved for the ac- 
celeration 

A p S V 3 b 0, 

0 x 

where (^^J is *- h - Q rolling acceleration at zoro rolling 

velocity with x = 1 . 

Uh-jn formula (15) in substituted into formula (14) 
and tho resulting expression is solved for the rolling ac- 
celore t i on 

t! = (lf) 0 *[i-°°° (/§*)]-§ (») 

Tho solution o?? this differential oquatior. gives the for- 
nula for rolling velocity: 
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(17) 



(18) 



This equation 1b tho oxprossion of tho rolling p.ccelora- 
tion in. torns of tho physical factors govorning it. 



Eif f crontiation of equation (18) givos 




(19) 



At maximum rolling acceleration — = 0. Tho timo of 

dt 

maximum rolling acoeloration ia then given "by 

oVi-K/!*) *h ••■(«/£*) ^ * (2o) 

Unf ortunatoly, formula (20) cannot ho solved explicitly 
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for t. By substitution of tho valuo of t satisfying 
formula (20) into formula (19), tho valuo of tho maximum 
rolling accclorat Ion is found. 

Jornulas (18) and (20) may also "bo oxprosscd in torms 
of tho ailoron control position x. E::prossod In this 
manner, formula (18) becomes 




(21) 



formula (20) expressed in terms of x is 




(22) 



3y formulas (18) and (20) the maximum rolling accel- 
eration is ex-jrensed In terms of tine, t, and "by formu- 
las (21) and (£2) in torms of aileron-control deflection 
x. She influence of the several factors entering into 
those for/sulas can "be shown "by expressing the maximum 

rolling acceleration as a fraction of (-r^O i tne maximum 

theoretically attainable. For this purpose the formulas 
for rolling acceleration in terms of control deflection 
have bcon chosen, 

Trom formula (21) the rolling acceleration expressed 
as a fraction of tho maximum theoretically attainable is 
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to* 



dt_ 
Lt 



IT 




Z* 



s 



N 



+ e 



cos 



Let 



3 = 



K 



(23) 

(34) 
(25) 



When thoscs substitutions aro made in formula (23) 

-E cos" 1 D" 



dt 



V>dt /„ 



D + e 



(26) 



After substitution from formulas (24) and (25) into formula 
(22), tha condition for maximum rolling acceleration be- 
como s 



= 1/^- D 3 + D - e 



-3 cos 



-i 



(27) 



Formula (27) cannot be expressed as an explicit func- 
tion of D or E. Valuos satisfying this equation have 
been detormined and aro given as a graph in figuro 1. 



Iho physioal significance of 2 is found to bo 



E = 



1 s dC T 

— p S b — i 
32 F da; 



/ 



= P 




1 s dC T 



/FSaJ 
J 1 o 8, 



(38) 



c 0 H 



■c "max \ ./ * o "max 

For a givon airplamo flying at a given altitude, 3 is 
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a constant, and may therofoiro "bo considorod as p. charac- 
teristic of the airplane Itself. Jor goomotrically simi- 
lar r.irplanos, on tho assumption that I 2 and I c vary 
with tho "fifth powor of tho linoar dimonsl ons , tho factor 
In paronthcsls, and honco tho vr.luo of E , Is lndopcnd— 
ont of p.lrplano slzo. 

Tho physical signif icp.nco of D Is 
D - 1 l( ^ 7 ' S » c ggj 

From this oxprcsslon it Is soon that D is the torque ap- 
plied "oy the pilot in oxcoss of that rcquirod to ovorcomo 
tho opposing aileron hinge nomont . 

Tho physical significance of G Is 

& = _£ 

3 p V 8 n c Ch 

Prom this expression it is seen that G Is the ratio of 
the torque applied "by tho pilot to the torque required to 
maintain full aileron deflection at zero rate of roll, or 
the ratio of tho pilot's effort to the airplane stiffness. 

Tho preceding equations do not lend themselves to an 
easy vi suali zatlon of the factors Influencing the maxi- 
mum rolling acceleration of an airplane. 3y a graphic 
representation of the maximum rolling acceleration as a 
function of the governing factors, tho influence of the 
several factors is nore easily seen and certain important 
results are Drought out. 

As shown aDove, E may be considered as a character- 
istic of the airplane itself which varies only with alti- 
tude. A value of E may ho chosen to roprosont an air- 
piano. 3y formula (2?) or "by figuro 1, tho value of D 
for maximum rolling accoloration may bo found. 

It is to be noticed that in tho derivation of tho 
procedlng formulas no account has boon mado of tho aileron 
control holng llmltod In its dofloction. In an actual 
airplano tho aileron control cannot movo ooyond tho posi- 
tion of full dofloction, or whoro x = 1. Examination of 
formula (36) shows that tho maximum rolling accoloration 
is dlroctly proportional to &. Formula (24) givos 
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1 - B 

This oxprossion shows x to "bo dirootly proportional to 
G and, thcroforo, the maximum rolling acceleration is di- 
rectly . proportional to x. From this fact it is concluded 
that maxinum rolling acceleration occurs vhen the control 
deflection is a maximum. 

Because x is limited to a maximum value of 1, the 
maximum rolling acceleration attained by an airplane will 
he divided into tvo types: that for which the torque ap- 
plied hy the pilot is insufficient to attain full aileron- 
control deflection, and that for which the torque applied 
by the pilot is more than sufficient to r.ttain full 
aileron— control deflection. The boundary between these 
tvro conditions is found by letting x = 1, and with the 
value of B for maximum rolling acceleration determined 
from formula (37) or by figure l t tho value of G is 
found by formula (24). After substitution of these values 
of E, B, and 0- in formula (26), tho maximum rolling 
acceleration is found for tho condition vhon.the torque 
appliod by tho pilot is just sufficient to attain full 
control dofloction. The maximum rolling accelerations 
found in this way for airplanes of various values of 35 
are plotted as tho brokon lino in figure 2. This curve 
shows that full control dofloction nay bo pttainod without 
tho pilot applying sufficiont torquo to maintain full con- 
trol doflactian. This property has boon found to bo duo 
to tho inertia of the ailerons f»nd their control system 
by deriving formulas similar to formulas (26) and (27) 
baaod on tho assumption that the ailerons and thoir con- 
trols have no inortia. 

ffhon tho valuo of &, or tho torquo appliod by tho 
pilot, is loss than that shown by tho brokon line in fig- 
uro 2, tho maximum aileron-control dofloction attained is 
less than 1, and therefore the limiting condition that . s 
cannot exceed 1 does not enter the problem. For an air- 
plane represented by n value of 3, the value of B f or ■ 
maximum rolling acceleration is found by formula (37) or 
figure 1, Substitution of the values of B and B into 
formula (26) then shows that the maximum rolling acceler- 
ation is directly proportional to or the torque ap- 
plied by the pilot. In figure 2, between the value of 
G- = 0 and tho value of & required for full control de- 
flection to be attained, as given by tho broken line, 
tho curve of maximum rolling acceleration against 0- for 
any givon valuo of £ is a straight lino. That region 
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to the left of the "broken line in figuro 2 therefore shows 
tho variation of tho naximun rolling decoloration attained 
by an airplane in an abrupt aileron roll with variation of 
tho magnitude of tho constant torque applied "by the pilot 
to tho control when the torque appliod "by tho pilot is in- 
sufficient to attain full control deflection. 

Whon tho torque appliod by tho pilot is in excess of 
that required to reach full control deflection, the limit- 
ing condition that x cannot exceed 1 must "be considered. 
As shown above, when the value of D for maximum rolling 
acceleration of an airplane having a given value of E is 
substituted into formula (26), the maximum rolling acceler- 
ation is directly proportional to the control deflection 
attainod. Thoreforo, whan the torque applied by tho pilot 
is greater than that required to roach full control de- 
flection and the control is stoppod at x = 1, tho maxi- 
mum rolling acceleration occurs at tho instant tho control 
dofloction. reaches the value x = 1. For this condition, 
tho maximum rolling accoloration of an airplane of a givon 
valuo of E 1b found by substituting tho valuo of D 
found from formula (24) whon x = 1 into formula (26). 
Tho maximum rolling' accolcration may thon bo found for any 
valuo of G groator than that roquirod to attain a con- 
trol doflcction of x & 1. In figuro 2, to tho right of 
tho broken lino is plottod tho variation of tho maximum 
rolling accolcration with & t tho torquo appliod by tho 
pilot, for sovoral airplanos roprosontod by various values 
of 2 , 

Basod on tho curvos of figuro 2 and formulas (26), (27), 
and (28), tho following observations may be mado concern- 
ing tho maximum rolling accelerations of airplanos. 

(l) Tho maximum rolling accoloration of an airplano 
is dependent upon the characteristics of the airplane it- 
self expressed by 3, As discussed above, Immediately 
following formula (28) the value of E for any given air- 
plane varies only with altitude or as . Therefore, for 
a given airplane the value of E will become smaller the 
greater the altitude and, consequently, as shown by figure 



will become greater for any given value of G. " Whether or 



2, the maximum rolling acceleration expressed as 




not 




becomes greater at altitude depends upon how 
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\rrj varies with altitude for the particular airplane. 
0 /dp\ 

Since UtJ i given by — 





/dp\ -4 p S v V a b o t 
Vdt/ 0 " Ij. 



it is aeon that ( -r^- } remains constant for all altitudes 




if the lndicatod airspeed at all altitudes is the same. 
Tor an airplane flying at a given indicated airspeed, 



(2) Geometrically similar airplanes differing only 
in absolute also should have approximately the sane value 
of E. 

(3) Further examination of figuro 2 shows that for 
an airplane flying at a given altitudo and a givon veloc- 
ity, thoro is a practical limit to tho maximum rolling ac- 
celeration which tho pilot may attain "by increasing tho 
torcuo he applies to the aileron control. Tor example, 
consider the airplane whose value of B is 1. If the pi- 
lot increases the torquo applied in deflecting the aileron 
control, the aaxinum angular acceleration which the air- 
plr.no attains increases up to a value of & of about 3. 
Beyond this valuo , furthor incroaso in & does not pro- 
duce much increase in tho maximum rolling acceleration. 

The effect of airspood on maximum rolling accelera- 
tion is oasily deduced from figure 2. As an illustration, 
assumo an airplane in which tho rolling-moment coefficient 
of the ailerons is capable of producing a rolling acceler- 
ation of 10 radians por second at 200 milos per hour for 
instantaneous control doflection. Assume that 300 miles 
per hour is the maximum speed at which the pilot would be 
able to hold the control fully deflected at zero rate of 
roll. Tor a given airplane and a given altitude E is 
constant and for a given pilot's effort & varies inverse- 



of with V obtained from figure 2 is shown graphic- 

ally in figure 3 for two values of the parameter E. 

Langley Iiemorial Aeronautical Laboratory, 

National Advisory Committee for Aeronautics, 
langley Tield, Va. 




will increase with incroase in altitude. 



ly ' and 
„ d P 




The resulting variaticn 



L-5U2. 





^Figure 2.- The maximum rolling acceleration as a function of the pilots effort and the 
characteristic of the airplane, E. 
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